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Abstract 

The special interest is devoted to such situations when the material 
space of our object with affine degrees of freedom has generally lower di- 
mension than the one of the physical space. In other words when we have 
the m- dimensional affinely-rigid body moving in the n-dimensional physi- 
cal space, m < n. We mainly concentrate on the physical situation m — 2, 
n = 3 when "thickness" of flat bodies performs one-dimensional oscilla- 
tions orthogonal to the two-dimensional central plane of the body. For 
the isotropic case in two "flat" dimensions some special solutions, namely, 
the stationary ellipses, which are analogous to the ellipsoidal figures of 
equilibrium well known in astro- and geophysics, e.g., in the theory of the 
Earth's shape, are obtained. 

Keywords: affinely-rigid bodies with degenerate dimension, flat bodies with 
non-zeroth "thickness", two-polar (singular value) decomposition, Green and 
Cauchy deformation tensors, deformation invariants, stationary ellipses as spe- 
cial solutions. 

1 Usual n-dimensional affinely-rigid bodies 

Let us consider the classical system of material points (discrete or continuous) 
which we call the body [5J EJ H2]. Let (M, V, — ►) be an affine space, where 
M is a physical space in which our body is placed and V is a linear space 
of translations (free vectors) in M. We may also introduce the metric tensor 
g G V* <E> V* which makes our affine space a Euclidean one, i.e., (M, V, —>,<?)■ 

Let us suppose that we have labelled every material point of such a body 
in some way. Then let (N, U, — >) be an affine space, where N is the material 
space of such labels and U is the corresponding linear space of translations in 
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N. Similarly we may also introduce the metric tensor r\ £ U* Cg) [/* which makes 
our affine space a Euclidean one, i.e., (N, U,—*,rj). 

The position of the a-th material point at the time instant t will be denoted 
by x(t, a) (x 6 M, a e N) and an affine mapping from the material space into 
the physical one is as follows: 

x i (t,a)=r i {t)+ V > i A (t)a A , (1) 

where tp(t) is a linear part of the affine mapping (ip is non-singular for any 
time instant t), i.e., ip(t) S LI(U,V), where LI(U,V) is a manifold of linear 
isomorphisms from the linear space U into the linear space V, r(t) is the radius- 
vector of the centre of mass of our body if in the material space the position of 
the centre of mass is a A = 0. If the system is continuous, the label a becomes 
the Lagrangian radius-vector (material variables) and x becomes the Eulerian 
radius- vector (physical variables) . In a wide range of problems there is no need 
to distinguish between continuous and discrete cases. We will use then the 
general form of description. 

Thus, at any fixed f g R the configuration space Q of our problem is given 
by the following expression: 

Q = Afl(JV, M) = Q tI x Q int = M x U(U, V), (2) 

where tr and int refer to the translational and internal (relative) motion respec- 
tively (because the affine motion consists of spatial translations, rotations and 
homogeneous deformations; the last two are treated as the internal motion) . For 
N = M = M" it becomes identical with the group space of the n-dimensional 
affine group: 

Q = GAf(n,R) ~ R n x s GL(n,R), (3) 

i.e., with the homogeneous space of this group with trivial isotropy groups. 

Then the considered system becomes an affinely-rigid body [HI [HI EH EQ HI] > 
i.e., during any admissible motion all affine relations between constituents of 
the body are invariant (the material straight lines remain straight lines, their 
parallelism is conserved, and all mutual ratios of segments placed on the same 
straight lines are constant). The conception of the affinely-rigid body is a gen- 
eralisation of the usual metrically-rigid body, in which during any admissible 
motion all distances (metric relations) between constituents of the body are 
constant (see, for example, [HI!]). 

In the special case of continuous medium the configuration space becomes a 
proper affine group: 

Q = GAf + (n,E) ~ R n x s GL + (n,E), (4) 

i.e., matrices ip have positive determinants. For discrete systems the total affine 
group © is in principle admissible. 
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2 Affine bodies with degenerate dimension 



The above-described case is very popular and has wide spectrum of physical 
applications, but nevertheless there are problems when it is not suitable. So, 
the special interest in this article is devoted to such situations when the material 
space of our object with affine degrees of freedom has generally lower dimension 
than the one of the physical space: 

dimiV = m < n = dimM. (5) 

In other words we have the m-dimensional affinely-rigid body moving in the 
n-dimensional physical space. Let us call such an object the affinely-rigid body 
with degenerate dimension [6l [7] . 

Obviously, in physical applications only the special cases n = 3 and m = 
1,2 are of direct interest but certain statements concerning general dimensions 
are also useful and should be quoted. We know that the standard continuum 
theory as well as some fundamental theories (e.g., the quantum field theory 
and the theory of elementary particles) deal with such objects as membranes, 
strings, etc. So, with the help of the notion of our affinely-rigid body with 
degenerate dimension some classical and quantum toy models of such objects 
may be defined. 

Now the configuration space consists of affine injections, i.e., monomor- 
phisms from the material space N to the physical one M: 

Q = M x LM(Z7,V), (6) 

where LM(U, V) is the set of linear monomorphisms from U to V. The formula 
fl} is still valid but now the n x m matrix (p l A has rank m. 
Analytically, when we put U = M. m and V = K", then 

Q = R n x LM(m, n). (7) 

Our system has / = n(m + 1) degrees of freedom, i.e., n translational and nm 
internal (relative) ones. In this paper we are not particularly interested in the 
translational motion, therefore we investigate only the internal (relative) motion 
of our affinely-rigid body with degenerate dimension. 

We see that Q — LM(£7, V) is a homogeneous space for the left-hand side 
action of GL(V): 

A e GL(V) : LM{U,V)3(p^AipeLM{U,V), (8) 

but it fails to be homogeneous with respect to the material transformations, i.e., 
the right-hand side action of GL({7): 

B 6 GL(U) : LM(U, V) 3 <p h-> <pB E LM(U, V), (9) 

Indeed, this action is not transitive and its orbits consist of such cp'a which have 
the same images <p(U) £ V. 
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Thus, LM(U, V) is a homogeneous space with respect to spatial transforma- 
tions. It is interesting to describe this homogeneous space as a quotient manifold 
of GL(V) with respect to some of its subgroup. Let us fix some standard linear 
monomorphism ^ of U into V. So, we may say that if translational motion is 
neglected, N and M identified with U and V respectively, then LM(U, V) may 
be obtained from * by the left actions: 



LM(U, V) 3 * h-> tp = A^ e LM(U, V), 



(10) 



where A runs over GL(V). The stabiliser subgroup H^] C GL(V) of the 
reference configuration \& consists of those elements of GL(V) which preserve 
not only the linear subspace ^(U) C V, but also any element of this subspace 
separately. 

Let us describe these objects analytically. So, we put U — R"\ V = R™, 
and identify R m with linear subspace of R™ consisting of vectors with to quite 
arbitrary entries on the first to places and zeros on the remaining (n — to) ones. 
Therefore 



*(a\...,0 = [a\...,a m , 0,...,0] T = [a 1 , . . . ,a m ,o] 



(11) 



where o is the (n-m)xl matrix built of zeros. It is easy to see that H consists 
of all matrices of the following form: 



In 



A 
D 



(12) 



where I m is the to x to identity matrix, A and B are respectively to x (n — to) 
and (n — to) x (n — to) matrices, and © is the (n — to) x to matrix built of 
zeros. The matrices A and B are arbitrary, or more precisely, subject only to 
the restriction that the total matrix is non-singular (the set of matrices violating 
this condition is obviously a measure-zero subset) . The arbitrariness of A and B 
is respectively m(n— m)- and (n— m) 2 -dimcnsional, therefore taken together they 
involve n(n — m) arbitrary parameters. Thus, the quotient manifold GL(V)/H 
is parameterized by n 2 — n(n — m) = nm essentially arbitrary parameters. In 
fact dimLM(m, n) = dimL(m, n) = mn. The fact that H is indeed a subgroup 
of GL(n, R) is a matter of direct calculation, 







'I A 2 ' 




O B 1 




O B 2 





I 



A X B 2 + A 2 
B\B 2 



(13) 



For non-degenerate affinc bodies (when to = n), one can define so-called 
affine velocity (Eringcn's gyration) respectively in spatial and material repre- 
sentations, 



fl = (pip' 1 e L(V) ~ GL(V)', O = <p~ V G L(U) ~ GL([/)', 



(14) 



and obviously £1 = ipQip 1 . In degenerate models these objects do not exist. 
The right inverse of <p, i.e., € L(V, U) satisfying 



Wright = Id ^, 



(15) 
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does not exist at all because linear transformations cannot enlarge the dimen- 
sion. Whereas the left inverses y^ ft G L(]/, U), i.e., ones satisfying 

¥>irft<£ = Id U, (16) 

do exist but there is the infinite number of them (they coincide only on the 
subspace f(U) £ V). 

On the other hand the affine momentum (hypermomcntum, affine spin) does 
exist. Its "laboratory" E and "co-moving" E representations are given as follows: 

E = tpp € L(V)* ~ L(V), E = p<p e L(U)* ~ L(f7) (17) 

where p G L(V, C/) ~ L(f/, V)* is the canonical momentum conjugate to ip; the 
identification is made through the trace formula. Just as in the regular case, 
the components S% and Y> A b are Hamiltonian generators of respectively the left 
action of GL(V) and the right action of GL(U) on LM(U, V). Strictly speaking, 
the terms laboratory and co-moving representations are incorrect because there 
is nothing like the similarity transformation relating E to E. 

The doubled skew-symmetric part of E and E define respectively the spin 
and so-called vorticity: 

S l 3 := E l , - g ik gjl Z l k, V A b := E A B - V AC VBD X D C . (18) 

They are Hamiltonian generators (momentum mapping) of the proper orthogo- 
nal subgroups SO(V,g) C GL(V) and SO(U, rfj c GL(U) acting respectively on 
the left and right on LM(U, V). 

While ip is not properly invertible, the contravariant tensor objects may be 
transferred (pushed-forward) from the material space to the physical one and 
the covariant tensors may be transferred from the physical space to the material 
one (pulled-back), but not conversely. 

3 Flat bodies with non-zeroth "thickness" 

Later on we mainly concentrate on the two-dimensional body in the three- 
dimensional physical space. In contrary to the situation described in [6], where 
our body was infinitesimal in one dimension, in this article we study the model 
with non-zeroth "thickness". 

Generally speaking, kinematics and dynamics of such an object could be 
simply ones of the non-degenerate three-dimensional affinely-rigid body, but 
we would like to investigate the situation with the finite "thickness" when, in 
comparison to the non-degenerate case, additional constraints are implied, i.e., 
the "thickness" performs one-dimensional oscillations orthogonal to the two- 
dimensional central plane of the body. Then the group of material transforma- 
tions has the following form: 

K+ x GL(2,M). (19) 
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The material space R 3 is presented as Cartesian product R + x R 2 , where R + is 
the multiplicative group of positive numbers. The material transformations in 
R 2 act as in [5] , while R + is the dilatation group in the third dimension. 

We can identify configurations with the pairs (g, if), where tp describes the 
immersion of the central plane in the physical space, i.e., analytically ip l A is the 
3x2 matrix. An element (k,B) acts on (g, tp) as follows: 

(k,B) el + x GL(2,R): [g,tp) i-> (kg,tpB). (20) 

We can represent the configuration directly with the help of the matrix $ : 
R 3 — ► R 3 . The conservation of orthogonality of the direction of dilatations to 
the central plane means that the matrix 



$\ $ X 2 * X 3 
2 * 3 
2 * 3 



$2 i 
$ 3 1 



(21) 



fulfils the condition that third column has to be proportional to the vector 
product of first and second ones. If we consider $ fc 2, a,b — 1,2,3, as 

independent and arbitrary, then 

$ a 3 = i eV$ b i$ C 2, (22) 

where s a }, c is the completely antisymmetrical Ricci symbol, I is the parameter 
which depends on the "thickness" and the variables describing the deforma- 
tion in the central plane of the body, e.g., for the two-polar (singular value) 
decomposition (f!M)) we have that 

^two- polar — ^ , (23) 

and the shifting of indices is understood in the trivial Kronecker-delta sense 
because we are working with the orthonormal coordinates. The above-described 
orthogonality is well known in the theory of plates and shells as the Kirchhoff- 
Love condition [5]. 

Remark: under this condition the affine group of the three-dimensional 
physical space does not act on the configuration space of the flat affinely-rigid 
body with " thickness" . If we neglect the translational degrees of freedom, then 
the full linear group in three-dimensional translational space does not act on the 
configuration space of internal degrees of freedom. In fact, these transformations 
in general violate above described orthogonality. On the other hand the action 
of Weyl group, i.e., the group of rotations combined with dilatations (in the 
sense of the physical space) in the configuration space is well defined. With 
respect to the action of this group our configuration space is not a homogeneous 
space because rotations and dilatations are not capable to deform the body 
in its central plane. On the other hand the configuration space still is the 
homogeneous space for the full group generated by R + SO(3, R), i.e., by rotations 
and dilatations in the physical space, and by GL(2,R), i.e., by rotations and 
homogeneous deformations in the material space acting on the configurations 
from the right side. 
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3.1 Two-polar decomposition 

In comparison to [3] the two-polar (singular value) decomposition is written in 
the modified form, i.e., we use exclusively the 3x3 matrices: 

*(fe;A,M,e;0) =R(k)D(\,n,g)U(9)- 1 , X,fi,g>0, (24) 
where R,U € SO(3,R) are proper orthogonal matrices and D is diagonal, i.e., 



D{X,fi,g) 



A f) () 
0^0 

Q 



mey 1 = 



cos 9 sin 6 
— sin 9 cos 9 
1 



(25) 



The co-moving angular velocities for R- and [/-gyroscopes [ITJ [12] are as 
follows: 



lo = R^R = R T R 



L0 3 -LU 2 

— W3 0J\ 
U>2 —U>1 



and 



•d = u- x ij = U T U = 

For <!> and $ T we have the following expressions: 



0-10 
1 




-t). 



§ = R ( D + ujD - D-d ) U 



4> = U [D + -dD — Du ) R 



(26) 



(27) 



(28) 



The kinetic energy is assumed to have the usual form (we have only to 
substitute the constraints): 



T = -Tv ( ./<!>' v) = -Tr I V ' JV 



D + dD- Dw 



D + uD-Dd 



, (29) 



where J £ U®U is the twice contravariant, symmetric, non-singular, positively- 
definite tensor describing the inertial properties of our affinely-rigid body. If wc 
take J in the following diagonal form: 



J = 



Ji 
J 2 
J 3 



(30) 



then the above kinetic energy can be rewritten as follows: 



T = 



+ 



Ji cos 2 9 + J 2 sin 2 9 ( dX 



dt 



dt 



Ji sin 9 + J 2 cos 2 9 f d/j, 
~dl 



h fdg\ {Ji sin 2 9 + J 2 cos 2 9) [i 2 + J 3 g 2 
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+ 



( Ji cos 2 9 + J 2 sin 2 9) A 2 + J 3 g 2 



ul + (Jl + J 2 ) A^W 3 



dt 



+ (Ji-J 2 )sin20 
+ 



d[i dX\ d9 ( ' .d/x d\ . 

2 M \2 , / t „• 2 



( Ji cos 2 9 + J 2 sin 2 6») A 2 + ( Ji sin 2 9 + J 2 cos 2 (9) ^ 2 2 



+ 



(Ji sin 2 6 + J 2 cos 2 0) A 2 + ( J x cos 2 6» + J 2 sin 2 0) [i 2 ( dO 



dt 



(31) 



Performing Legendre transformation we obtain that 
dT 



s\ = 
s 2 = 

S3 = 

Ve = 



duji 
dT 
8lu 2 
dT 
8uj 3 



dT 
~d~9 



+ 



+ 



P\ 
Pe 



( Ji sin 2 9 + J 2 cos 2 0) y 2 + J 3 g 2 ] Wi + ( Ji - J 2 ) sin 29X[iuj 2 , 
( Ji cos 2 9 + J 2 sin 2 0) X 2 + J 3 g 2 ] uj 2 + (Ji - J 2 ) sin 20X(iu>i, 
( Ji cos 2 + J 2 sin 2 0) A 2 + ( Ji sin 2 6 + J 2 cos 2 0) M 2 ] u 3 



d0 

Ji + J 2 ) A^— + ( Ji - J 2 ) sin 20 
dt 



d^ d\ 
A— u— 



( Ji sin 2 + J 2 cos 2 0) A 2 + ( Ji cos 2 + J 2 sin 2 0) ^ 2 ] 



d0 



Ji + J2) A^3 + ( Ji - J 2 ) sin 20 



dX 



da dX 

A— 

^ dt dt 



Ji cos 2 9 + J 2 sin 2 &)-^- (Ji - -h) sin 29 
Ji sin 2 9 + J 2 cos 2 6») ^ + ( Jj - J 2 ) sin 29 



dT 
~£)X 
dT 
dji 
dT 

dg ° dt 

where Si are canonical "spin" variables conjugate to angular velocities Wj. 



d9 

A— + /xw 3 
di 

^— + Aw 3 
dt 



= J 



3.2 Isotropic case in two "flat" dimensions 

The above expressions simplify when we consider the isotropic case in two " fiat" 
dimensions, i.e., when we have Ji = J 2 = J. Then 



T = 



J 



dX 



dt 



dfj, 
~dt 



J3 ( dg\ Jp 2 + J 3 g' 



2 V dt 



JX 2 -\- J 3 g 2 9 _ T , d9 J 1 , 9 9 n 
+ ^^ 2 + 2JA^ 3 — + -(A 2 + Ai 2 ) 

Performing Legendre transformation we obtain that 

si = (J^ 2 + J 3 £> 2 ) wi, s 2 = ( JA 2 + J 3 £ 2 ) w 2 , 



• (32) 
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S3 



J (A 2 + m 2 ) uj 3 + 2 JXfi 



d9 

dt' 



P\ = J- 



dX 



dfi 



dt' ^ dt ' 
After inverting this transformation, i.e., 
si 



Pg = J-3 



= J (A 2 + fi 2 

do 
~di' 



dO 
~dt 



2 JA/XW3, 



UJ 3 -- 

dX 
~dt 



J/x 2 



-J 3 Q 2 ' 

f- 2 ) S3 



L0 2 = 
2Xfipg 



Si 



JX 2 + J 3 g 2 ' 
d9 _ (A 2 



p 2 ) pg - 2AiiS 3 



J(A 2 -/i 2 ) 2 
px_ djj^ _Pjj_ 
J ' dt ~ J ' 



dt 



j{x 2 -v 2 y 



dp 
~dt 



Po_ 



and substituting these expressions into (I32|) we can rewrite the kinetic energy 
in the canonical variables: 



T = 



+ 



2(Jn 2 + J 3 g 2 



(A 2 



2(JA 2 + J 3 g 2 ) 
- 4Xfip e s 3 p\ 



2j(x 2 ~fi 2 y 



23 



P^_ 

2J 3 



(33) 



We can make an assumption that the potential V depends only on the de- 
formation, i.e., depends on <f> only through the Green deformation tensor 



G = $ T $ = UD 2 U^ 

X 2 cos 2 9 + [i 2 sin 2 9 ( A 2 - [i 2 ) sin 9 cos 6 
(A 2 - p 2 ) sin6>cos6> A 2 sin 2 9 + /x 2 cos 2 6 











(34) 



which is not sensitive with respect to the left orthogonal mappings. We can 
introduce also the concept of deformation invariants ZC a , a = 1,3, which are 
scalar measures of deformation, basic stretchings, which do not contain any 
information concerning the orientation of deformation (its principal axes) in the 
physical or material space. They may be chosen in various ways but in an n- 
dimcnsional space exactly n of them may be functionally independent. One of 
possible choices of the deformation invariants is to take the eigenvalues of the 
secular equation for the symmetric matrix G: 



det [G - Kh] 
where I3 is the 3x3 identity matrix, i.e., 



0, 



(35) 



[K 2 - K (A 2 + p 2 ) + A V] (K - g 2 ) = (K- A 2 ) {K - p 2 ) [K - g 2 ) = 0. (36) 

The deformation invariants are not sensitive with respect to both the spatial 
and material rigid rotations (isometries). So, the potential V adapted to the 
two-polar decomposition is a function only of A, /i and g. 
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Moreover, one can see that in the kinetic energy expression ([521) the gener- 
alized velocities A, fi corresponding to A, /j and other variables describing the 
motion in the central plane of the body are separated from the generalized ve- 
locity g describing the oscillations of the "thickness" g. The same can be said 
also about the expression in the canonical variables (|33p . The momentum p e 
conjugated to g is orthogonal (in the sense of metrics encoded in the kinetic en- 
ergy expression) to the other canonical momenta. Thus, the most simple are the 
dynamical models in which also the isotropic potential will have the separated 
form: 

V(\,»,g) = V Xfi (\,[j,)+V g (g). (37) 
As phenomenological models for we can use, for instance, the following ones: 



V&(A,/i) 



d 



(A 2 
1 

A 2 

1 A 2 + M 2 
Xfj, 2 



+ A 2 



k > 0, 



K > 0, 



c, d > 0, 



and for the "thickness" potential V e it can be, e.g. 

b o 



V e (g) 



a, b > 0, 



(38) 
(39) 
(40) 

(41) 



which describes the nonlinear oscillations. The first term prevents from the 
unlimited compressing of the body, whereas the second one restricts the motion 
for large values of g, i.e., prevents from the non-physical, unlimited stretching 
of the body. 

So, the Hamiltonian (total energy) is written as 



H = T + V Xfi (X,ti)+V B (g), 



(42) 

where T is taken in the form of (f3"3"l) . 

The equations of motion can be calculated with the help of Poisson brackets 
as follows: 

dsi , „, dp a 



(43) 



where a = {9, A, fx, g}. The only non-zero basic Poisson brackets are 

{q a ,Pb} = S a b , {s u sj} = -£ij k s k , (44) 
and then we obtain that 

"V (3 A 2 - /i 2 ) + J 3 g 2 (A 2 + /i 2 ) 



dsi 
~dt 

ds 2 
~dt 



S2 

J (A 2 -Ai 2 ) 2 
J(A 2 -^ 2 ) 2 



JA 2 + J 3 g 2 
JA 2 (A 2 — 3^ 2 ) — J 3 g 2 (A 2 + M 2 ) 

J/i 2 + J 3 £> 2 



s 3 - 2A^p e 
S3 + 2A^pe 



,(45) 
,(46) 
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ds 3 _ J(/i 2 - A 2 ) sis 2 *^ = (47) 



dt (JX 2 + J 3 g 2 ){J^ 2 + J 3 p 2 )' dt 



dpx dV\n , JXs 2 



dt dX (JX 2 + J 3 g 2 ) 2 

X (A 2 + 3 M 2 ) (4 + p 2 ) - 2 M ( M 2 + 3A 2 ) S3 pg 

+ J(A 2 -/i 2 ) 3 
dpfj, _ dVx^ Jps\ 
dt dfi {Jp 2 + J 3 g 2 f 

M (m 2 + 3A 2 ) (s 2 + p 2 ) - 2A (A 2 + 3/x 2 ) 33 Pe 

J(A 2 -/! 2 ) 3 
dp e _ dV g J 3 Qs\ -hgsl 



(48) 
(49) 

- , o- (50) 

* ^ (J M 2 + J 3 e 2 ) {JX 2 + J 3 Q 2 ) 2 

The structure of the above expressions implies that even in the simplest case of 
the completely separated potential the dynamical coupling between the "thick- 
ness" parameter and the variables living in the central plane is present. 

3.3 Stationary ellipses as special solutions 

Our equations of motion are strongly nonlinear and in general case there is 
hardly a hope to solve them analytically. Nevertheless, there exists a way to 
imaging some features of the phase portrait of such a dynamical system, i.e., we 
have to find some special solutions, namely, the stationary ellipses 019], which 
are analogous to the ellipsoidal figures of equilibrium well-known in astro- [2\ 
and geophysics, e.g., in the theory of the Earth's shape [3]- 

In the case of the two-polar (singular value) decomposition we obtain 
then that the deformation invariants A, /i, g and the angular velocities u>, & are 
constant [9]. If at the initial time t — we have that <J> = Rq o D o Uq , then 
at the time instant t the configuration is as follows: 

$(*) = (Ro o e ut ) oDo(U o e^y 1 = R o e^De^ o Uq 1 . (51) 

This can be rewritten in the following form: 

$(i)=e Si o$„oe 4f , (52) 

where uj = Rq o w o Rq , i9 = Uq o lu o Uq 1 . 

Therefore, the configuration <i>(i) we obtain from the initial configuration 
$o acting on it by Euler, spatial isometry e wt 6 SO (V,g) and simultaneously 
acting on it by Lagrange, material isometry e 1 " € SO (U,r]). 

In our case from the special form of $ (|2"T|) only one of the three branches 
described in [S] is possible, i.e., when u> 3 , d6 / dt are constant, whereas cji = = 
0. Then the above equations of motions (|4"Sf ([50]) reduce as follows: 

dV Xti A (A 2 + 3 M 2 ) (a§ + P 2 ) - 2fi (fi 2 + 3A 2 ) s 3 p d 

ox ~ j(x 2 -n 2 ) 3 ' [b) 
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<9/i 
dg 



2A (A 2 + 3^ 2 ) s 3Pe - M ( M 2 + 3A 2 ) (j + pg) 
J(A 2 -^ 2 ) 3 



(54) 



0. 



(55) 



We see that, while our parameters S3, pg are completely arbitrary constant 
values, the above equations ([53]) - ([55|) describe their interrelation with the de- 
formation invariants A, /1, g. 

Remark: it is interesting to note that despite the stationary character of 
the solutions, the deformation is not constant in time. The Green deformation 
tensor fl33]| as well as the Cauchy one, i.e., C = $- 1T $-! = RD 2 R~ l , depend 
on time explicitly through the time dependence of U and R respectively, i.e., 



=jr = U {$D 2 - D 2 d) ^jr = R (uD 2 - D 2 u) RT 1 j> 0. (56) 



Only the deformation invariants A, /j,, g have the constant values, whereas the 
deformation tensors G and C perform the stationary rotations around their 
principal axis. 

Summary 

The problem of dynamical systems on the manifolds of afhne injections is inter- 
esting in itself in the realm of analytical mechanics. But it is also applicable in 
the theory of structured bodies. Such bodies consist of small planes, like planar 
molecules and perhaps some supramolecular elements. Structured elements of 
degenerate dimension are known in condensed matter theory, let us mention, 
e.g., one-dimensional constituents of liquid crystals. Two-dimensional objects 
appear as three-atomic molecules like H 2 0, S3, CO2 and molecules consisting 
of a larger number of molecules, but having some almost "flat" core. Also some 
applications in nanophysics are possible, but must be based on the quantum 
version of the theory. Some very interesting phenomena may appear there, be- 
cause one deals in such problems with some convolution, overlap of the classical 
and quantum levels. Let us mention, e.g., flat or approximately flat molecules or 
the historical model of " Schwungrad" used in molecular dynamics in the pioneer 
days of quantum theory. 
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